MAXIMAL VELOCITY OF PHOTONS IN NON-RELATIVISTIC QED 
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Abstract. We consider the problem of propagation of photons in the quantum theory of 
non-relativistic matter coupled to electromagnetic radiation, which is, presently, the only 
I consistent quantum theory of matter and radiation. Assuming that the matter system is in a 

^SJ . localized state (i.e for energies below the ionization threshold), we show that the probability 

to find photons at time t at the distance greater than ct, where c is the speed of light, vanishes 
O ' as t — >■ oo as an inverse power of t. 
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1. Introduction 



One of the key postulates in the theory of relativity is that the speed of light is constant and 
the same in all inertial reference frames. This postulate, verified to begin with experimentally, 
can also be easily checked theoretically for propagation of disturbances in the free Maxwell 
' equations. However, one would like to show it for the physical model of matter interacting 

with electromagnetic radiation. To have a sensible model, one would have to consider both 
matter and radiation as quantum. This, in turn, requires reformulation of the problem in 
terms of quantum probabilities. The latter are given through localization observables for 
^ I photons. We define it below. Now we proceed to the model of quantum matter interacting 

with (quantum) radiation. (By radiation we always mean the electromagnetic radiation.) In 
. what follows we use the units in which the speed of light and the Planck constant divided by 

m ; 27r are 1. 

• Presently, the only mathematically well-defined such a model, which is in a good agreement 

with experiments, is the one in which matter is treated non-relativistically. In this model, 
the state space of the total system is given by "H = Tip ®'Hf, where Hp is the state space of 
the particles, say T-Lp = L^(M^"'), and T-Lf is the state spaces of photons (i.e. of the quantized 
electromagnetic field), defined as the bosonic (symmetric) Fock space, over the one-photon 
^ ' space f) (see Appendix ICl for the definition of J-). In the momentum representation, i) is the 

^ ! L^-space, Ltj.a^nsv(I^^; C^)) of complex vector fields / : — ^ C^, satisfying k • f{k) = 0. 

By choosing orthonormal vector fields ex{k) : M'^ — t- C^, A = 1,2, satisfying k ■ e\{k) = 
{e\{k), X = 1, 2, are called the polarization vectors), we identify with the space L^(M^; C^) 
of square integrable functions of photon momentum A; € and polarization index A = 1, 2. 
The dynamics of the system is described by the Schrodinger equation, 

idt^t = Hi,t: (1.1) 

on the state space Ti = Tip ®T-lf, with the standard quantum Hamiltonian (see [ini |32] ) 

n 



2m, 

j=i 1 



Here, vrij and Xj, j = 1, . . . , n, are the ('bare') particle masses and the particle positions, V{x), 
X = (xi, . . . ,Xri), is the total potential affecting the particles and £j are coupling constants 
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related to the particle charges. Moreover, A^^ := k * A, where A{y) is the quantized vector 
potential in the Coulomb gauge (div A{y) = 0), describing the quantized electromagnetic field, 
and given by 

A.{y)=Yl [ ex{k){e''^ax{k) + e-''yam)^{k)^, (1.2) 

where k £ C^(K^) is an ultraviolet cut-off. The operator Hf is the quantum Hamiltonian of 
the quantized electromagnetic field, describing the dynamics of the latter, 

Hf=Y, j u{k)al{k)ax{k)dK (1-3) 

A=l,2 '' 

where uj{k) = \k\ is the dispersion relation. The integrals without indication of the domain 
of integration are taken over entire 'M? . Above, A is the polarization, ax{k) and a\{k) are 
annihilation and creation operators acting on the Fock space Tij = J- (see Appendix O for 
the definition of annihilation and creation operators). 

Assuming for simplicity that our matter consists of electrons and nuclei and that the 
nuclei are infinitely heavy and therefore are manifested through the interactions only (put 
differently, the molecules are treated in the Born-Oppenheimer approximation), one arrives 
at the operator H with the coupling constants £j := a^/^, where a = « is the fine- 
structure constant. After that one can relax the conditions on the potentials V{x) allowing say 
general many-body ones (see [17] for a discussions of the Hamiltonian H). Since the structure 
of the particles system is immaterial for us, to keep notation as simple as possible, we consider 
a single particle in an external potential, V{x), coupled to the quantized electromagnetic field. 
Furthermore, since our results do not depend on the value of q, we absorb it into the ultraviolet 
cut-off K. In this case, the state space of such a system is T-L = L^(]R^) T = L^(M^; J^) and 
the standard Hamiltonian operator acting on (R^ ; J-") is given by (we omit the subindex k 
in A{x)) 

H := {p + A{x)f + Hf + V{x), (1.4) 

with the notation p = — iV^^, the particle momentum operator. We assume that V is real 
valued and infinitesimally bounded with respect to p'^. 

Our goal is to show that photons departing a bound particle system, say an atom or a 
molecule, move away from it with a speed not higher than the speed of light. Let dr(A) 
denote the lifting of a one-photon operator A to the photon Fock space (and then to the 
Hilbert space of the total system), y := iV^ be the operator on L^(M^;C^), canonically 
conjugate to the photon momentum k and let lln(y) denote the characteristic function of a 
subset of M.^. To test the photon localization, we define the observables dr(lQ(y)), which 
can be interpreted as giving the number of photons in Borel sets C M^. These observables 
are closely related to those used in [121 [El [26] and are consistent with a theoretical description 
of detection of photons (usually via the photoelectric effect, see e.g. [29])J!I The fact that 
they depend on the choice of polarization vector fields, £\{k), A = 1, 2, is not an impediment 



The issue of localizability of photons is a tricky one and has been intensely discussed in the literature 
since the 1930 and 1932 papers by Landau and Peierls [5S] and Pauli [31] (see also a review in A set of 

axioms for localization observables was proposed by Newton and Wigner [30) and Wightman [37] and further 
generalized by Jauch and Peron [23]. Localization observables for massless particles satisfying the Jauch-Peron 
version of the Wightman axioms were constructed by Amrein [T]. 
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here as our results imply analogous results for e.g. similarly constructed observable^ based 
on the space L^ja,nsv(^^i C^^) instead of L^(]R^;C^), or localization observables constructed by 
Amrein [1]. (Both latter observables are also covariant, TgdT {TLfi{y))T~^ = dr(lg-if^(y)), 
under rigid motions, g, of M'^, generated by one particle transformations, f{y) — )■ f{g~^y), as 
one would like to have for localization observables.) 

With the definition of localization observables given, we say that photons propagate with 
speed < c' if for any initial condition ■00 and for any c > c', the state, ipt, of the system at 
time t, satisfies the estimate 



||dr(F(|?/| > ct))^*!! — ^0 ast^oo, 

for any function F{s > 1) supported in the domain {s > 1}. Similarly, one can define the 
propagation with speed > c'. As with any other quantum models, this definition allows for a 
non-zero probability that photons propagate with arbitrary high speed. However, as estimates 
of such probabilities for massive free relativistic particles show (see [33]), these events (as with 
the problem of reversibility) have so low probabilities as to make them undetectable. 
To formulate our result, we let S denote the ionization threshold defined by 

S := lim inf {if, Hip), 

\\f\\=^ 

where DR = {ip£ V{H); >f{x) = if \x\ < R} (see |I6]). Let / G Cg°(M; [0, 1]) be such that 
supp(/) C [1,2] and define F{s) = /{t) dr. We will localize the photon position using 
the following operator 

F{\y\>ct) = F{\v\>l):=F{\v\), (1.5) 
where v := y/ct. Our main result is the following 

Theorem 1.1. Let F be as above, x ^ Cg°((-oo,S)) and c > 1. For all u G T>{dr{{y))^), 
we have 



dr(F(|y| >ct))^e-"^x(^)n < t"^||(dr((y)) + 1 



'-U 



where 

,<mm(i(l-i),l). (1.6) 

Thus e~^^^x{H)u is supported asymptotically in the set \y\ < ct. In other words, photons 
do not propagate faster than the speed of light. 

The estimate of Theorem 1.1 is usually called a strong propagation estimate in the liter- 
ature (see [U [35] )• In order to prove it, we first need to 'improve' the infrared behavior of 
the electron-photons interaction given by ()1.2p . which can be done, as usual, by performing 
a Pauli-Fierz transformation. For technical convenience, we use a generalized Pauli-Fierz 
transformation as in [3l]. Next, we employ the method of propagation observables by con- 
structing a positive, unbounded observable, whose Heisenberg derivative is negative (up to 
integrable remainder terms) . In our proof, the required estimates on the remainder terms are 
obtained thanks to Hardy's inequality in M^, together with a suitable control of the growth 
of dr(|A;|~^) along the evolution, for some < 5 < 1. 



^These observables are similar to those introduced by Mandel Since polarization vector fields are not 
smooth, using them to reduce the results from one set of localization observables to another would limit the 
possible time decay. However, these vector fields can be avoided by using the approach of [27) . 
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For massive Pauli-Fierz Hamiltonians (that is with a dispersion relation of the form uj{k) 



^/k"^ + m?, m > 0) , a weak version of the maximal velocity estimate is derived in [9] (see also 
|12j for a different weak maximal velocity estimate). Compared to [9], the main difficulty 
we encounter is that, in our case, the number of photons operator is not relatively bounded 
with respect to the Hamiltonian. It is presently not known whether or not the number of 
photons remains bounded along the evolution (see, however, the recent paper [7] for the case 
of massless spin-boson model) . Another difficulty here is due to the lack of smoothness of the 
relativistic dispersion relation Lo{k) = \k\ at the origin. 

Our paper is organized as follows. In Section [21 we introduce a generalized Pauli-Fierz 
transformation and prove our main theorem. Various ingredients of the proof of Theorem 
11.11 are deferred to the next sections. In Section [3l we estimate interaction terms. Section 
m is devoted to the estimate of the growth of drd/cj""^) along the evolution. In Section [U 
we control remainder terms by estimating some commutators. A few standard estimates are 
gathered in Appendix [Aj domain questions are discussed in Appendix (Bj and finally, for 
the convenience of the reader, standard definitions of operators in Fock space are recalled in 
Appendix O 

2. Proof of Theorem II. II 

To prove Theorem ll.lt we use the generalized Pauli-Fierz transformation (see [34j ) defined 
as follows. For any h G L^(R^;C^), we define the operator-valued field 

^h):=^y{h) + a{h)). (2.1) 

Using it, we can write 

A{x) = $(5.), 9x{k, A) := '^e^{ky^-\ (2.2) 

\k\2 

Let (p G C°°(]R;M) be a non-decreasing function such that v?(r) = r if \r\ < 1/2 and |v?(?')| = 1 
if \r\ > 1. For < // < 1/2, we define the function 

q,ik,X) :=J<^^i\k\^^e,{k).x), 

and the unitary operator 

on L^(M^; J^). We also introduce the Pauli-Fierz transformed Hamiltonian H hy H := lAHlA* . 
We compute 



where 



H={p + A{x)f + E{x) + Hf + V{x), 

A{x) := ^Qx), 9xik, A) := g^ik, A) - V^Qxik, A), 
E{x) := $(e^), ex{k, A) := i\k\qx{k, A), 

V{x):=V{x) + l- V / \k\\qxik,X)\^dk. 

The generalized Pauli-Fierz transformation is technically convenient since the operator H is 
self-adjoint with domain V{H) = V{H) = V{p^ + Hf) ( see Theorem lB.il in Appendix iBll . 



MAXIMAL VELOCITY OF PHOTONS IN NON-RELATIVISTIC QED 



The coupling functions qx{k, A), gx{k, A) and e^ik, A) satisfy the estimates 

|5r9x(A:,A)|<K„(A;)|A:|-^-H(:,)H-H, 



IC9.(A;,A)|<Ac„(A;)|fc|5-H(^)HH, 



(2.3) 
(2.4) 

ICex(A;,A)| < K^(A;)|A;|i-H(x)i+H, (2.5) 

where Km{k) > is compactly supported and bounds K{k) and all its derivatives up to the 
order \m\. These estimates will play an important role in our analysis. (|2.3p and (|2.5p follow 
directly from the definition of Qx and Cx- To obtain (j2.4p for m = 0, we use 



\9x{k,X)\ 



< 



\k-x 



^'{\k\^^ex{k)-x) 



l\ + \l-ip'i\k\''exik)-x) 



for all r > 0. The 



and the estimates |e'*^'^ — 1| ^ \k\\x\ and |1 — ip'{\k\f^ex{k) ■ x)\ < {\k\'^\. 
latter is implied by the property that 1 — ip'{\k\^ex{k) ■ x) = for \k\^£x{k) ■ x < ^. Choosing 
r = we arrive at ()2.4p for m = 0. The case of |m| > is treated similarly. 
We shall prove 

Theorem 2.1. Let F be as in (II. 5p . x £ Cg°((— 00, S)) and c > 1. For all parameters /?, 7, 5 
sucii tiiat 



< /? < (5 < 1, 



< 7 < min( (1 - - 



1\ „ 35-2 
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we have, for u e V{dT{\k\-~^)^) nV{dT{\y\'^>^)^), 



dr(F(|y| > ct))^e-'^"x{H)u 



(dr(|fc|-^ + |yr) + i) 



(2.6) 
(2.7) 

(2.8) 



We first verify that Theorem 12.11 implies Theorem 11.11 and next proceed to the proof of 
Theorem 12.11 

Proof of Theorem \l.li For 7 as in (II. 6p . we fix /3 and 5 satisfying (j2.7p and < 2f3 < 5 < 1. 
Let X S C(f ((— oo,S)) be such that XX = X- We set := e~'*^x(if)'U and n := x{H)u. 
Using the Pauli-Fierz transformation U, we write 

2 



dr(F(|i;|))2nt 



e"''''x{H)Uu,UdT{F{\v\))U*e^''''x{H)Uu). 



We compute 



^dr(F(|^;|))ZY* = dr(F(|7;|)) + <^{iFi\v\)qx) - - Re (F(|t;|)(7,, fe>. 



(2.9) 



Using CoroUarv 13.21 and Theorem IB.2| we can estimate the second term given by (|2.9p as 

^''^x{H)Uu,^iF{\v\)qx)e~''^x{H)Uu) 



< 



^iF{\v\)qx){x)-^'{Hf + l)-2 {Hf + IpixpxiH) 



<t~'^\\uf, 



(2.10) 
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with < < 1/2 and ti = 3/2 + di. Similarly, using Lemma |3. II and Theorem IB. 21 the last 
term given by (12. 9p is estimated as 



x{H)e-''"Uu,'iie{F{\v\)q^,q^)x{H)e-''"Uu 

< ||F(|t;|)g,(fc,A)(x)--2||||(x)^^x(^)||Pf < 

with < d2 < 1 and T2 = 1 + d2- 
Now, by Theorem 12.11 we have 



(2.11) 



< t-^^(u,U*{dr{\k\-') + dr(|y|2^) + l)Uu). (2.12) 
Therefore it remains to show that 

(u,W{dT{\kr') + dTilvn + l)Uu) < {u, (dr((y)) + l)n). 

We can compute as above 

W{dTi\k\-') + drdyp/') + 1)U = {dT{\k\-') + dr(|yp/3) + l) - a>(i(|A;|-^ + \y\''^)q,) 



lRe{i\kr' + \yn 



Qxj Qx 



(2.13) 



Since < 2/? < 5, Hardy's inequality (see Lemma lA.ip together with Lemma lA.21 implv that 



(dr((y)^) + 1)-^ (dr(|fc|-^) + dr{\yn + 1) (dr((y)^) + 1)- 

Besides, using (|2.3p . 5 < 1 and Lemma lA. 31 one can estimate 



<1. 



>{i\k\~^q,){N+ir^xy^ 



^ sup 



qx,qx){x) < sup 



^Qx{k,X){x) ^||l2(ir3.c2) ^ 1; 

-1||2 



■2qx{k,\){x) ||l2(]k3.c2) ^ 1- 

Similarly, by Lemma |3. II (with t = 1) and Lemma lA.31 we have 

$(i|yp^.)(iV + l)-i(x)-2 < sup |||ypV.(A;,A)(x)-2||^,(j^3^^,^<l, 



||(l2/P^fe-,fe>(x) i < sup |||y|^g^(A;,A)(x) ^ ||l2(ir3.c2) < 1, 

since < /3 < 1/2. Combining (|2.13p . the previous estimates and an interpolation argument, 
we obtain 

(u,U*{dr{\kr') + dT{\y\'f) + Ipu) < {u, {dr{{y)') + N+ {xf + l)u). 
To conclude, it suffices to use that 

dr((y)^)^x(^)(dr((y)) + i)- 

by Proposition IB.31 together with 



<1, 



mxiH){dT{{y)) + l) ^ 



<1, 
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by Lemma IB. 5) and 



\{xfu\ 



< 



<1, 



by Theorem □ 

Proof of Theorem \2.1\ We use the method of propagation observables by constructing a fam- 
ily of operators $j (called a propagation observable) such that on one hand an appropriate 
bound on (ut, ^t^t), where ut = e~^^^x{H)u, implies (a part of) the statement of the theorem 
and, on the other hand, satisfies a differential inequality which implies this bound. Fix 
/3, 7, 5 satisfying (^ ^ 1^ . We set 

Jp{s) := G C°°(M). 

The family is defined, as a quadratic form on x{H)'D{dT{{y)^)) , by 

The fact that is well-defined follows from /? < 1, the bound 

(dr((y)^) + ly'dviMv')) (dr((y)/^) + 1)-^ 

and Lemma IB. 31 We introduce the Heisenberg derivative 

with the property dt{ut, ^tUt) = {ut, D^tUt)- We want to show that the leading term of D^^t 
is non-positive, while ^ 0. More precisely, we show below 

Lemma 2.2. Assume 0</3<5<l, 0<7< min((l - l/c)/3, 1/4) and < e < 1/2 - 27. In 
the sense of quadratic forms on x{H)'D{dT{{y)l^)), 

^t>t'^dT{F{\v\)), (2.14) 

and there exists C > such that 

D^t < + Ct-^-^+^^dr{\k\~^) + Crl-^ (2.15) 

where 9 := 2((1 - l/c)/3 - 7) > 0. 

Rewriting inequality (j2.15p in terms of quadratic forms on the vectors Ut = e~^^^x{H)u 
and using > and (2^, D^tUt) = dt{ut, ^tut), we obtain 

9t(St,cD,2i) <t-i-'^+27^~^^r(|A:|-^)nt>+t"i-^||nf. 

It then follows from Lemma l4. II that 

|(i+5)+27niHrnti-<5^i„l|2 ^ ii„i|2^ ^ t-^-'Wuf 



dtiut, ^tut) < t-^'^'+'>+^m\dr{\k\-')-2u\\' + \\uf) + 1 



Assuming 36 > IO7 + 2, this yields 

dt{ut,^tUt)<t~'~^{\\dT{\kr')"2u\f + \\uf), 
for some e > 0. Integrating this inequality from 1 to t, this implies 

{ut, <^tut) < (2t=i,$t=i5t=i> + C(||dr(|A;|-^)k||' + \\uf). 
Combined with (|2.14p and the fact 

,2/3 

c 



$,..:=dr((M)'V(M))<ar(|.r), 
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which foUows from the definition of and Lemma [A. 21 this gives the desired inequahty ([27 
This completes the proof of Theorem 12. 1[ □ 

Proof of Lemma\KM Estimate (12.14p is straightforward. To prove (I2.15p . we start with 
computing D^^. The relations below are understood in the sense of quadratic forms on 
xiH)V{dT{{y)f^)). We compute 



t'^[dT{jp{v'))MT{\k\)] 



^27 



dT{j„{v^)):i{p + A{x)f + \E{2 



(2.16) 
(2.17) 

(2.18) 



Consider the term given by (j2.17p . We have 

[dr(j^(^;2)),idr(|A;|)] =d^([J^(^;2),: 
and it follows from Lemma 15.21 that 



[j;3(t^'),i|A:|] =^(4)i(^;2)(«•^ + ^•^)(J^)^(^;^)+7^, 



where 



(2.19) 
(2.20) 



[V ]w 



\\WTZ\k\-q<r^-\ 

for all /? < (5 < 1. Observe that for all w G V{\v\^) = P(|?/|^), 

'w,{j'p)^{v'^){vk + k-v){j'p)^{v'^)w^<2 \v\{j'p)^{v'^)w (J^)3(t>2)u; 

<2\\v\{J'p)H"-^ 
since supp(J^) C [l,oo). This gives 

-dr(l(4)^(^;2)(z;.fc + fc.^;)(4)l(z;2)) <ldr(^2j^(t;2)). (2.21) 

Combining (I2T9D with (l2:20]l and ^(Tm . we get 

- [dr(j;3(^^')),idr(|A;|)] < ^dT[v''j'p{v'')) - Ct~^~'<iT{\k\-'). (2.22) 

It remains to estimate the term ()2.18p . Using the relation i[dr(6), <J>(G)] = <I>(i6G), we 
compute 

+ t'^^{iJp{v^)g^) ■ {p + A{x))+it'^^{\Jp{v^)e,), 
and hence Corollary 13.21 and Theorem IB. 21 imply 

||]lsupp(x)(^)(12IIl)ll.upp(x)(^)ll < (2-23) 

for ah < e < 1/2 - 27. 

The estimates ^(TM and ^Q?2M . together with (f236]) - (f2T8]l . imply 

D^t < 2t27-idr(7J^(t>2) - t;2j^(t;2) + -v'^ J'p{v'^) \ - Ct^^~^~^dT{\k\-^) - Ct~^-' , 



3jS cl quadratic form on xiH)'D(dT{{y) 2 )). Using 
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this becomes 

D^t < -et-^^t - ct^^~^-^dr{\k\-^) - c^-^-^ (2.24) 

which conchides the proof of the lemma. □ 

3. Estimates on interaction 

In this section we prove estimates on the interaction used, in particular, to prove (j2.23p . 
Recall that k £ Cq°(M'^) is the ultraviolet cut-off entering (jl.2p and the cut-off operator -F(|u|) 
is defined in (11.51). 



Lemma 3.1. Let a G [0,3/2), b e R, c > 0, k e C^{R^) and pl{k) he such that, for 
aU m G N^, |a^p^(A:)| < |A;|''-I'"I Assume that b > a + c- 3/2. Then, for aU d £ 
[0,b- a - c + 3/2), 

Vx G M^ \\\k\-VF{\v\Hk)pUk)\\ , < t~''{xr+^+''. 



Proof. Let £x{k) = K{k)p\{k). Using Hardy's inequality (see Lemma lA.ip . we can write 
|||A;|-'^|2/rF(|H)4(A;)|| < |||yr+^F(|H)4(A;)|| 

<||i^(IH)|yr1Loo|||yr+^+"4(A:)|| 

<t-^|||yr+^+'^4(A;)||. (3.1) 

Next, to handle fractional derivatives we use a dyadic decomposition of k. Let ip G 
CS°(M3 \ {0}) be such that 

Vfe G supp(k), ^ Lp{vk) = 1. (3.2) 

v'>l dyadic 

For n G N, we have 

\\\yrv{vk)£x{k)\\< \\y^,---yi^^{uk)lx{k)\\, 
ii,...,i„e{i,2,3} 

and yi^ - ■ ■ yi^(p{i'k)ix{k) can be written as a finite sum of terms of the form 

w = u''^{vk)K{k)^-^{k){xf, 

where a,/3 G N with a /3 < n, ^ G G^iR? \ {0}), k G Cg°(]R3) and p^"'^ is such that 
\lt^{k)\ < |A;|^"/^. Then, 

Ml ^ J^"+'^"^2;)'^||^(z^A:)|| < ly'^+^-^-l {xf < z^"-*-t(x)". 

This gives 

|||y|Xi/fe)4(fc)|| <z>"-'-t(x)". 
Now, an interpolation argument implies that, for all s > 0, 

\\\y\'^{i.k)lAk)\\<i^'~'~Hxr. (3.3) 
Combining ()3.2p and ()3.3p . we obtain 

|||yr4(A;)|| < Yl |||ylV(i^A;)4(fc)|| 

u>l dyadic 

< ^'~''Uxr<{xr, (3.4) 

u>l dyadic 
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provided that b + 3/2 — s > 0. Taking s = a + c + d and d G [0, 6 — a — c + 3/2) and recalling 
(I3.1D. we arrive at the statement of the lemma. □ 



Recall that the coupling functions qx , gx and ex are defined at the beginning of Section [2] 
and satisfy (I2:3l)-(l23]). 



Corollary 3.2. For ai7 < /i < 1/2, < /3 < 1/2 and e > 0, 



<t-^ 0<d<-, 



^{iF{\v\)qx){x)--'{Hf + l) 

^{i\y\^''F{\v\)gx){x)-^HHf + ir^ 

^{i\y\^''F{\v\)ex){xy^'{Hf + ir"2 

where n = 3/2 + d, T2 = 1/2 + /i'^ + 2/3 + d and rg = 3/2 + 2/3 + d 
Proo/. It follows from Lemma [Ol that, for al\ u e Ti = L^(]R^; J"), 

^{iFi\v\)qx){xy-'{Hf + l)--2 



2/3, 



<^-^ 0<d<--2/3, 



(3.5) 
(3.6) 
(3.7) 



< y^^(a^>-'"^(||ifcr^i^(iH)'?x(^,A)||^,(^3^c,) 

+ ||^(bl)9x(A;,A)||L2(K3.c2))ll^i(a^)llj-dx. 



(3.8) 

Using (|2.3|) and applying Lemma |3. II with a = 1/2, 6 = —1/2, c = Oto the first term on the 
right hand side, and with a = 0, b = —1/2, c = to the second term, we obtain 

2 



^{iF{\v\)qx){x)'^HHf + ir'^u 



<t 



-2d 



\u{x)\\''^dx = t-^%f, 



(3.9) 



which gives (j3.5p . To prove (j3.6p or (j3.7|) . we proceed as above, applying Lemma [3.11 with 
a = 1/2, b = 1/2, c = 2/3 and with a = 0, 6 = 1/2, c = 2^. □ 

4. Control of small momenta 

In this section we estimate the growth of dr(|/c|~^) (for —1 < 6 < 3/2) along the evolution, 
which was used in the proof of Theorem 12.11 The proof of the following lemma is similar to 

m (4.8)]. 

Lemma 4.1. Let -1< 6 < 3/2 and x G C[f ((-oo, S)). Then, for aU u G V{dT{\k\^^)^), 



2(1+^) 



e-'*^x(^)^, dr(|fc|-'^")e-'*^x(^)^) < (||dr(|fc|-'^)5n||' + H^f). 

Proof. Let /i G C°°([0, oo); M) be a decreasing function such that h{s) = 1 on [0,1] and 
h{s) = on [2, +oo), and let h = — h. For ly > 0, we decompose 

dr{\k\~^) = dTdki-^hif^m)) + drdki-^hifiki)). (4.1) 

As before, let ut = e~'*^x(i7)u. The contribution of the second term of (14. ip is estimated as 
{ut,dr{\k\~'h{f'\k\))ut) < t^'-^'>{ut,dr{\k\h{t'^\k\))ut) < t('+'>\\uf, (4.2) 

since dT{\k\h{t'^\k\))xiH) is bounded. To estimate the first term, we use the propagation 
observable 

■.= dr{\k\-'h{nk\)), 
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and compute 

D^t = -[^uiH] +iyt''-'dr{\k\^-^h'{nk\)) <-[^t^H], 
since h' < 0. The commutator above can be expressed as follows 

[^tAH] = {p + Aix))-<^{\k\-'hit''\k\)g,) 

+ <!>{i\k\-'h{t''\k\)g,)-{p + A{x)) 
+ i<^{i\k\-^h{f'\k\)e,). 
Using (j2.4p and Lemma rA.4l we find that for all x G M'^, 

\'^>{i\k\-'h{t''\k\)g,){Hf + l)-^ < \\\k\-'h{t''\k\)Uk,X)\i2^^3.c^) 

+ \\\kr'~'2h{nk\)Uk,x)\\^2^^^.^c^^ 

<|||A;|-^Mr|^|)«:(fc)||L2(K3;C2)(^>^ 
Likewise, using (|2.5|) and Lemma lA.41 we obtain 



<P{i\k\~'hif'\k\)e.){Hf + iy 



<\\\kr'h{nk\)e,{k,x)\\^,^^,,^^,^ 

+ |||fc|-'^-U(tnA^|)e.(A.,A)||L2(i,3;c2) 



The last two estimates, Theorem [R2| \\{p + A{x))x{H)\\ < 1 and dt{ut,'^tUt) = {ut,D^tUt) 
imply 



and hence, assuming (| — (5)z^ < 1, 



u\\ 



\dT{\k\-^)^^uf. 



(4.3) 



The statement of the lemma follows from (|4.ip . (|4.2p and (|4.3p . after choosing v = 2/5. □ 

5. Some commutators estimates 

In this part, we estimate some commutators appearing in Section [2j As usual, for p G M, 
we define the set of functions 



SP{W) := {/ G C°°(M); \d'^f{s)\ < C„(s)''-" for n > O}. 
Lemma 5.1. Let G G S^(M) with p <0 and max(l + 2p, 0) < 5 < 1. We have 

\\\k\-^[G{v^),yk + k-y]\k\-2\\<t'-'. 

Proof. Let G denote an almost analytic extension of G such that G\r = G, 

suppGcj^GC; |Imz| < C(Rez)}, 
\G{z)\ < C(Rez)'' and, for aU n G N, 

^(z) < C„(Rez)''-i-"|Imzr. 
oz 



(5.1) 



(5.2) 
(5.3) 
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Using the Helffer-Sjostrand formula (see e.g. [8l I21j) 

TT J OZ 

we can write 

[G{v^),yk + k-y] 

1 f dG(z) ^ ^ 

= - -^^liv"^ - z)~'^,y ■ k + k ■ y] dRezdlmz 

TT J OZ ^ 

= / ^(^' - z)-' [y', y.k + k-y]{v'-zr' dRe z dim 

Let us first prove that 

{v^-zy^[y^,yk + k-y]{v^-z)-^\k\ = 0{t^\z\^\lmz\~'^). 
A direct calculation gives 

^^[y^,y.k + k■y]=y''\k\-^ + \k\-'y'' + 2J2y^\k\-'y^ 

i 

-^yiyj{kikj\k\-^) +2yi{kikj\k\-'^)yj + {kikj\k\-^)yiyj 
Using Hardy's inequality (see Lemma [A.ip and the functional calculus, we get 

{v'^-z)-^\k\ = \k\{v'^-zy^ 

-^{v^-zr\2k.y + 2i\k\-'){v^-z)-' 
= 1^10(1^11 Imz|-2), 
yi{v^ - z)-'\k\ = \k\yi{v^ - + iki{v^ - z)-' 

- ^yi{v^ - zy' {2k-y + 2i\kr') {v' - z^ 

= \k\0{t\z\^lmz\-'^), 
yiyj{v^ - z)-^\k\ = \k\yiyj(v^ - z)~'^ 

+ {(kiyj + ikjyi + kikj\k\~^ - 6ij\k\^^){v'^ - z)'^ 

- ^yiyjiv^ - z)~\2k ■ y + 2i\k\-^)iv^ - z)-^ 
= \k\0{t'^\z\\lmz\~^) +0{t\z\^lmz\-^), 



and 



{v"^ - z)-^yiyj = 0{t'^\z\\lmz\-^), {v"^ - z)-^yi = 0{t\z\^\lmz\~^), 
{v'^ - zy^\k\~'^ = 0{t\z\^2\lmz\-^), {v'^ - z)-^ = 0{\lmz\'^). 



Combining (|5.6p with the previous estimates, we obtain (j5.5p . 

Now, using again (j5.6p and the previous estimates, one easily verifies that 

(v'^ - z)-^[y'^ ,y ■% + k ■ y]{v^ - zy^ = 0{t^\z\^lmz\-^). 
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By an interpolation argument, we then obtain from (j5.5p (and its adjoint) and (j5.8p that 

\k\^v'^-z)-'^[y'^,yk + k-y\{v'^-z)-^\k\i = 0{t^-^\z\^ + '^lmz\-^-^), (5.9) 

for ah < 5 < 1. 

Introducing ()5.9|) into (j5.4p gives 

1-5 f dG{z) . ,3 , 



dz 



2 2^2 



Imzl 2 '^llull dRez dimz 



<t^~^ j{Rez)-i+P-^\\u\\ dRez < t^-'^llnll, (5.10) 

provided that 6 > 1 + 2p, which concludes the proof of the lemma. □ 
Lemma 5.2. Let G G S^(M) with p <1 and max(l + 2p, 0) < 5 < 1. We have 

[Giv'^),i\k\] = ^^G'{v'^){vk + k-v) +7^, 

as a quadratic form on 'D{\y\'^P) n D{\k\), with 

\\\k\ln\k\-2\\<t-\ 

Proof. Since p may be non-negative, we cannot directly express G{v'^) with the Helffer- 
Sjostrand formula. Therefore, we use an artificial cut-off. Consider (p € C[j°(M; [0, 1]) equal 
to 1 near and '/5_r(-) = (p{-/R) for R > 0. Let G (resp. ip £ C^{C)) be an almost analytic 
extension of G (resp. if) as in (j5.2p - (j5.3p . Then, as a quadratic form on T){\y\'^^) n Z?(|A;|), 

[Giv^),i\k\] =s4J^m[i^RG){v^),i\k\], (5.11) 

where 

[{^RG){v%i\k\] = U [(y^-,)-\i\k\]dRezdImz 

= -- [ ^(^^^(^2 _ ^yl r 2^ (^2 _ ^yl dRe^dlmz 
TT J OZ 

vrct J OZ ^ ' 

= -{^RGy{v^){vk + k-v)+TZR, (5.12) 



and 



L I ^i^^M(^2_^)-i[^.^^^.^^(^2_^)-i] dRezdImz 

1 I d{pRG){z) _ ^y2^ ^ . ^ ^ . ^] (^2 _ ^yl ^ dj^^ ^ (5-^3) 



From (fSTSj) . (fSTT]) and ([SS]), we obtain 

{v"^ - zy'^[y'^ ,y ■% + k ■ y]{v'^ - z)-^\k\ = 0{t^\z\^\lmz\-^), 
\k\{v'^ -zy'^[y^,yk + k-y]{v'^ -z)-'^ = 0{t^\zf\lmz\-^), 
{v^ - z)-'^[y'^,yk + k-y]{v'^ - z)"^ = 0{t^\z\^\luiz\~^). 



14 J.-F. BONY, J. FAUPIN, AND I. M. SIGAL 

Then, an interpolation argument gives 

On the other hand, for ah n G N, 

d{^RG) ^^^\^ < Cn(Rez)^"^-"|Imzr, (5.15) 

where C„ > does not depend on > 1. Using (j5.13p together with ()5.14p and ()5.15p . there 
exists C > such that 

|||A:|57^i^|A;|5|| < Cr^~\ 

for all i? > 1. Eventually, since {ifuG)' {v"^) converges strongly to G'{v^) on V{\v\'^P), the 
lemma follows from (j5.12p and the previous estimate. □ 

Appendix A. Standard estimates 

In this part, we state the following well-known results. Recall that y = iVfe. 

Lemma A.l (Hardy's inequality on 'M?). For all < s < 3/2, we have P(|y|*) C P(|A;|~'') 
aiid, for all u G V{\y\''), 

|||fc|~'^n|| < |||y|'^n||. 

Lemma A. 2. Let a,h he two self-adjoint operators on L^(M^;C^) with b> 0, V{b) C V[a) 
and \\a^\\ < \\bip\\ for aU ip £ V{h). Then V{dT{h)) C V{dT{a)) and ||dr(a)$|| < ||dr(6)$|| 
for all $ G v[dT{b)). 

Lemma A.3. For any f £ L'^{R^- C^), the operators a{f){N + and a*{f){N + 

extend to bounded operators on % satisfying 

||a(/)(iV + l)-^||< 11/11, 

||a*(/)(iV + l)-||| <^/2||/||. 

Lemma A.4. Let f G L2(]R3;C2) be such that {k,X) ^ \k\-'^/^ f{k, X) G L2(r3;C2). Then, 
the operators a{f){Hf + 1)^^/^ and a*{f){Hf + 1)^^/^ extend to bounded operators on % 
satisfying 

\\a{f){Hj + l)-'2\\ < \\\k\-'2f\\, 
\\a*{f){Hf + iy"2\\ < + 



Appendix B. Properties of the Hamiltonians H and H 

In this appendix, we collect a few properties of the Hamiltonians H and H. We begin with 
the following two important results. 

Theorem B.l (Self-adjointness [181 119j). The Hamiltonians H and H are self-adjoint oper- 
ators on the domain ^ 

ViH) = V{H)=V{p'^ + Hf). 

The fact that H is self-adjoint on P(p^ -|- Hf) is proved in [19] by functional integral 
methods. Another proof is given in [18] using abstract results based on commutator ar- 
guments. Self-adjointness of H on 'D{p'^ + Hj) is another application of [18], using that 
\9x{k,X)\ < K{k)\k\-'2-^^ with < /X < 1/2. 
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Theorem B.2 (Exponential decay below the ionization threshold |16j). For all real numbers 
6 and ^ such that ^ + 5^ < S, 

||e^l^'la(„^,5](i?)|| = ||e^Na(„oo,5](^)|| <i- 

We now establish a property used in the proof of Theorem 11.11 It shows in particular that 
the propagation observable <I>j of Theorem II .11 is well-defined. Since H and H are not of class 
C^(dr((y))), the proof of the next proposition is not straightforward. We refer to [2] for the 
definition of the class C^(-) and its properties. 

Proposition B.3. Let H* denote either H or H. For all x G C[f ((-oo, S)) and < /3 < 1, 
we have 

x{H*)V{dn{y)^)) (lV{dT{{y)^)). 

Remark B.4. The allowed power of {y) in Proposition IB. 31 is related to the infrared singu- 
larity of the interaction. More precisely, the requirement that /3 < 1 is due to the fact that 
the infrared behavior of the interaction in H is of order \k\~^^'^ . On the other hand, since the 
infrared behavior of the interaction in H is of order |A;|^/^, one could in fact show that 

x{H)V{dT{{yf)) CV{dri{y)^)), 

for any < /3 < 2. For our purpose, however, the stated result is sufEcient. 

We shall need the following two lemmas to prove Proposition IB. 31 

Lemma B.5. Let LL^ denote either H or H. Then 

H* G C^(iV). 

In particular, for all x G Cff (M), 

X{H*)V{N) C V{N). 

Proof. Let us prove that H G C^(A^). Since 'D{H) = + Hf) and since commutes with 
+ Hf, we obviously have that 

Vs G M, e''^V{H) C V{H). 
Therefore, by [21 Theorem 6.3.4] (see also [H]), it suffices to prove that 

\{Hu,Nu) - {Nu,Hu)\ < {\\Huf + \\uf), (B.l) 
for all u G 'P>[H) n T>{N). In the sense of quadratic forms on T>[H) n T>{N), we can compute 
[H, N] = i{p + A{x)) ■ <l>{ig^) + i^ig^) ■ {p + A{x)) + i$(ie^.)- 

Using Lemma |A.4| Estimate (jB.ip easily follows. In the case of H, the proof is similar. The 
fact that x{H*)V{N) C V{N) is then a consequence of [21 Theorem 6.2.10]. □ 

Lemma B.6. Let FP^ denote either H or H. For aJi n G N and z G C, < itlmz < 1, 
the operator (x)~"(i/* — z)~^{x)"' defined on 'D{{x)"-) extends by continuity to a bounded 
operator on 7i satisfying 

\\{xr-{H*-zr\xr\\<—^. (b.2) 
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Moreover, (x)~"'(i?* — z)~^ (x)"' [H"^ — z) defined on extends by continuity to a 

bounded operator on % satisfying 

\\{xy-{H* - zr\xnH* - z)\\ < (B.3) 

Estimates (|B.2p - ()B.3p are established in [U Lemma A. 5] in the case of H. Since the proof 
is the same in the case of we do not reproduce it. 

Proof of Proposition We show the proposition for the case of H being similar. Let 
r] e C(f((— oo,S)) be such that XV = X- Consider ip G C(f (K; [0, 1]) equal to 1 near 
and tpR{-) = ip{-/R) for R > 0. Let u £ V{dT{{y)l^)). We want to prove that for all 

\{dT{{y)^)v,x{H)u)\<Cu\\v\\. 

We write 

\{dT{{yf)v,xiH)u)\= lim \{dT{{yfvRiy^))v,x{H)viH)u)\ 

< limsuT>\{v,x{H)i]{H)dT{{yf^R{y^))u)\ 



+ lim sup I {v, [dT{{yf^n{y^)) , x{H)] v{H) 



u 



+ hm sup I {v, x{H) [dT{{y)P^R{y^)) , r?(if)] u) \ , (B.4) 

R^oo 

where the commutators should be understood in the sense of quadratic forms on T){N). By 
Lemma IB. 51 the previous expressions are justified since x{H) and r]{H) preserve T)[N). The 
first term is easily estimated as 

\{v,x{H)ri{H)dT{{y)P^R{y^))u)\ < C||z;|| ||dr((y)^)n|| . (B.5) 

Let X £ Cg°(C) denote an almost analytic extension of x- To estimate the second term of 
()B.4p . we write 

\\[dr{{yf^Riy^)),x{H)]r]iH)u\\ 

I [dr{{y)^^Riy^)),iH - zy']7jiH)u\\ dRezdImz 

UH - z)-^Br{H - z)-^7]{H)u\\ dRezdImz 



< 






dx{z) 








dz 


< 




f 


dx{z) 




vr J 




dz 


< 




f 


dx{z) 








dz 






\{N + {x 



\\{H - z)~'^{H)'2\\\\{Hy'2BR[N + {x)Ti^^^)'^\ 

|+2/3)(^ - zY\{H){N + II ||(iV + l)n|| dl 
where Br is the quadratic form on T){H) n T>{N) defined by 

Br := [H,dT{{yfipRiy^))]. 
Using Lemma \B.5\ one verifies that 



\\N{H -z)-'rjiH){N + ly'W < | Im 



z\ 



-2 



and by Theorem IB. 21 



{x) 



^+^^{H - z)~^r]{H)\\ < |Imz|-i||(x)M+2/3^(#)|| <\Imz\~\ 
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We claim that 

\{H)-^2BR{N + {x)-^^^^y'\\<l. (B.7) 

Then ()B.6p - ()B.7p together with the properties of x imply that 

\\[dT{{yf^Riy')),xiH)]v{H)u\\ < || (dr((y)^) + l)n||. (B.8) 

Let us now prove ()B.7p . In the sense of quadratic forms on T){H) n T>{N), we have 

Br = dr{[\k\,{y)^^Riy^)]) + i(p + I(x)) • ^{i{y)^ipR{y^)g,) 
+ i<l>{i{yfipR{y^)g^)) ■ {p + A{x)) + i<P{i{yf ipR{y^)e^) 
= dT{[\k\,{yf^Riy^)]) - <P{i{yf^Riy^)V,g,) +Im{g,,i{yf^R{^^^^ 

+ 2i{p + A{x))-^{i{y)^ipR{y^)g,)+i^{i{y)^ipR{y^)e,). (B.9) 

Using (j2.4p and applying Lemma l3.ll (with t = 1), we obtain that, for all x G M^, 

\\{yfv^B.{y'^)gxik,X)\\^2(^K3.c^) < \\{y)%ik,>^)\\^2(^KS.c^) < {x)^'^^, 

and likewise with Vxgx{k, X) or ex{k,X) in place of ^^(fc, A). Therefore, by Lemma lA.3t 

\\{gx,i{yfMy^)gx){xr^^~^\\ < 1, (B.IO) 
\\^{i{yfipRiy')Vxgx){xr-^^^{N + ir^\ < 1, (B.ll) 
\mi{yf^Riy^)ex){xy'~''{N + irm<l, (B.12) 

and, since \\{H)-^ {p + A{x))\\ < 1, 

\\{Hr-2 {p + A{x)) ■ <^{i{y)^^R{y^)gx){xr-^^^{N + iy"2\\ < 1. (B.13) 
Finally, using the representation formula 

(.)W) = i/^%^(.^-^)-^dRezdIm., 

where ip (resp. if) is an almost analytic extension of (• + 1)2 G S^(]R) (resp. (p € C[^(M)), 
one can verify that 

||[|fc|,(y>V(y')]||<i, 

and hence, by Lemma \A.2\ 

\\dT{[\kl{yf^R{y')]){N+l)-'\\<l. (B.14) 

Estimates (IBT0]) - (IRT4]1 together with the fact that ||(x)t+^(iV+l)i/2n|| < ||(iV+(x)^^^^)u|| 
imply (|R7l) . 
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It remains to estimate the third term in the right hand side of (|B.4p . To this end, let r] 
denote an almost analytic extension of i] and write similarly 

\\x{H)[dT{{yfvR{y^)),r^{H)]u\ 

\x{H){H - z)-^Br{H - z)-^u\\ dRezdImz 





1 


< 






vr 




1 


< 






TT 





drj{z) 


/ 


dz 




drj{z) 


/ 


dz 



\x{H){x^ 



|(x)- 



\h - zy^{x)^^^{H) 



X \\{Hy^{x)~h'^BR{N + IY^\\\\{N + 1){H 
X ||(iV + l)n||dRezdImz. 

Theorem IB . 2 1 gives '^^^1' ^ ^ t „™™„ its ci,,;„i j„ ii/„\ ,, Pi 



'\N + l) 



(B.15) 



Im z\ 



II. ' 



< 1, Lemma EH yields \\{xyi^~'^{H-zy^{x)7^'^'^{H)2\\ < 

, and Lemma lB.51 implies ||(A^ + 1){H — z)~^{N + l)""*^]] < | Imz|~^. Moreover 
we claim that 

||(#)-i(x)-f"^S^(iV + l)-i|| < L (B.16) 

To prove ()B.16p . it suffices to proceed in the same way as for ()B.7p . The only difference is 
()B.13p . which is replaced by 

{H)-"2{x)-i-^{p + A{x)) ■ <^{i{y)^ipR{y^)g,) {N + l)"! 



< 



< 



{Hy-2{xy^~''{p + A{x)){x)^ 



{xyT->'^{i{yf^ji{y^)g,){N+ir-2 



p + Aix))\\+ {HyHxy'^ 



< I. 



Therefore 



\\x{H)[dT{{yy^R{y')),i^{H)]u\\ < || (dr((y)0 + l)n||. (B.17) 

Equation (|B.4p together with the estimates (jB.SP , (jB.SP and (|B.17p conclude the proof of the 
proposition. □ 

Appendix C. Creation and annihilation operators 

Let f) := L^(M|;C^) be the Hilbert space of a photon. The variable A; E is the wave 
vector or momentum of the particle. Recall that the propagation speed of the light and the 
Planck constant divided by 27r are set equal to 1. The Bosonic Fock space, J^, over f) is defined 

by 



n=0 

where Sn is the orthogonal projection onto the subspace of totally symmetric n-particle wave 
functions contained in the n-fold tensor product f)®" of t) and SqI)'^^ := C. The vector 

:= (1,0,...) is called the vacuum vector in J^. Vectors ^ £ J-' can be identified with 
sequences (^n)5?Lo of n-particle wave functions ipniki, Xi, . . . ,kn, Xn), where Xj € {1,2} are 
the polarization variables, which are totally symmetric in their n arguments, and ipo € C 

The scalar product of two vectors ^ and <I> is given by 



oo „ n 

(^,^>):=^ ^ 'll^n{kl,Xl,...,kn,Xn)(Pn{kl,Xl,---,K,Xn)Y\^^j 
n=OXi,...,X„ j=l 



(C.l) 
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Given a one particle dispersion relation uj{k), the energy of a configuration of n non- 
interacting field particles with wave vectors ki, . . . ,kn is given by X]j=i ^{kj). We define the 
free-field Hamiltonian, Hf, giving the field dynamics, by 

n 

{Hf'^)n{kl,\l, . . . ,kn,Xn) = (^'^UJ^kjj^Tpnikl, \l, . . . ,kn,Xn), 

i=i 

for n > 1 and {Hf^)n = for n = 0. Here ^ = (■0n)5^o (^^ ^le sure that the right 
hand side makes sense, we can assume that ^„ = 0, except for finitely many n, for which 
ipniki, \i, . . . , kn, Xn) decrease rapidly at infinity). Clearly, if uj{k) = \k\, the operator Hj 
has the single eigenvalue with the eigenvector Q and the rest of the spectrum absolutely 
continuous. 

With each function if G L^{R^;C^) one associates an annihilation operator a{ip) defined as 
follows. For ^ = {'tpn)^=Q G with the property that tpn = 0, for all but finitely many n, the 
vector a{ip)'if is defined by 



{a{ip)'i>)n{ki, Xi, . . . , kn, Xn) := Vn + iy^ / ip{k, X)ipn+i{k, X, ki, Xi, . . . , kn, Xn) dk, 

A '' 

for n > 1 and (a((/5)^')„ = for n = 0. These equations define a closable operator a{(p) whose 
closure is also denoted by a{ip). The creation operator a* (if) is defined to be the adjoint of 
a{(p) with respect to the scalar product defined in ()C.ip . Since a{(p) is anti-linear and a*{(p) 
is linear in ip, we write formally 

E / 'f{k,X)ax{k)dk, a*{(f)= ^ / f{k,X)a*\{k)dk, 

A=l,2'^ A=l,2'^ 

where a\{k) and a^(A;) are unbounded, operator- valued distributions. The latter are well- 
known to obey the canonical commutation relations (CCR): 

[a*{k),a*ik')] = 0, [ax{k),a*yik')] = 5x,x'S{k - k'), 

where af = ax or a^. 

Now, using this one can rewrite the quantum Hamiltonian Hf in terms of the creation and 
annihilation operators, a and a*, as 



Hf=Y. j <ikMk)axik)dk, 



A=l,2 



acting on the Fock space J-. More generally, for any operator, t, on the one-particle space 
L^(]R'^; C^) we define the operator dT{t) on the Fock space J- by the following formal expression 



dr(t):= E / a*xik)taxik)dk, 



A=l,2 

where the operator t acts on the /c- variable (dr(t) is the second quantization of t). The precise 
meaning of the latter expression is 



dr(i)|5^j,®„ = ^ 1 (g) . • • (g) l (g)t (g) 1 (g) • • • (g) 1 
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